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The surface of a three-dimensional topological electron system often hosts symmetry-protected
gapless surface states. With the effect of electron interactions, these surface states can be gapped
out without symmetry breaking by a surface topological order, in which the anyon excitations carry
anomalous symmetry fractionalization that cannot be realized in a genuine two-dimensional system.
We show that for a mirror-symmetry-protected topological crystalline insulator with mirror Chern
number n = 4, its surface can be gapped out by an anomalous Z2 topological order, where all anyons
carry mirror-symmetry fractionalization M2 = −1. The identification of such anomalous crystalline
symmetry fractionalization implies that in a two-dimensional Z2 spin liquid the vison excitation
cannot carry M2 = −1 if the spinon carries M2 = −1 or a half-integer spin.
PACS numbers: 73.20.-r, 03.65.Vf, 05.30.Pr, 75.10.Kt
The advent of topological insulators (TIs) [1–3] and
topological superconductors (TSCs) [4] has greatly
broadened our understanding of topological phases in
quantum systems. While the concepts of TIs and TSCs
originate from topological band theory of noninteract-
ing electrons or quasiparticles, recent theoretical break-
throughs [5–10] have found that interactions can, in prin-
ciple, change fundamental properties of these topological
phases dramatically, thus creating a new dimension to
explore. In particular, interactions can drive the gapless
Dirac fermion surface states of three-dimensional (3D)
TIs and TSCs into topologically ordered phases that are
gapped and symmetry preserving. Nonetheless, such a
surface manifests the topological property of the bulk in a
subtle but unambiguous way: its anyon excitations have
anomalous symmetry transformation properties, which
cannot be realized in any two-dimensional (2D) system
with the same symmetry.
Given the profound consequences of interactions in
TIs and TSCs, the effect of interactions in topologi-
cal phases protected by spatial symmetries of crystalline
solids, commonly referred to as topological crystalline in-
sulators (TCIs) [11], is now gaining wide attention. A
wide array of TCI phases with various crystal symme-
tries have been found in the framework of topological
band theory [12, 13]. One class of TCIs has been pre-
dicted and observed in the IV-VI semiconductors SnTe,
Pb1−xSnxSe and Pb1−xSnxTe [14–17]. The topologi-
cal nature of these materials is warranted by a partic-
ular mirror symmetry of the underlying rocksalt crystal,
and is manifested by the presence of topological surface
states on mirror-symmetric crystal faces. Remarkably,
there surface states were found to become gapped un-
der structural distortions that break the mirror symme-
try [18, 19], confirming the mechanism of crystalline pro-
tection unique to TCIs [14].
The study of interacting TCIs has just begun. A recent
work by Isobe and Fu [20] shows that in the presence of
interactions, the classification of 3D TCIs protected by
mirror symmetry (i.e., the SnTe class) reduces from being
characterized by an integer known as the mirror Chern
number [21] (hereafter denoted by n) to its Z8 subgroup.
This implies that interactions can turn the n = 8 surface
states, which consists of eight copies of 2D massless Dirac
fermions with the same chirality, into a completely triv-
ial phase that is gapped, mirror symmetric and without
intrinsic topological order. It remains an open question
what interactions can do to TCIs with n 6= 0 mod 8. In
this work, we take the first step to study strongly inter-
acting TCI surface states for the case n = 4 mod 8.
Our main result is that the surface of a 3D TCI
with mirror Chern number n = 4 mod 8 can become
a gapped and mirror-symmetric state with Z2 topolog-
ical order. Remarkably, the mirror symmetry acts on
this state in an anomalous way that all three types
of anyons carry fractionalized mirror quantum number
M˜2 = −1 (in this Letter we use M˜ to represent the pro-
jective representation of mirror symmetry M acting on
an anyon), which cannot be realized in a purely 2D sys-
tem. Furthermore, the anomalous mirror-symmetry frac-
tionalization protects a twofold degeneracy between two
mirror-symmetry-related edges. Such anomalous mirror-
symmetry fractionalization cannot be realized in a 2D
system, including a 2D Z2 spin liquid state [22]. Hence,
our finding constrains the possible ways of fractionalizing
the mirror symmetry in a 2D Z2 spin liquid [23, 24]. Brief
reviews of 3D TCIs, 2D Z2 spin liquids, and their edge
theory are available in the Supplemental Material [25].
Noninteracting TCIs. We begin by considering nonin-
teracting TCIs protected by the mirror symmetry x →
−x. With the mirror symmetry, the extra U(1) symme-
try in a TCI does not change the classification in 3D
compared to a mirror-protected topological crystalline
superconductor. Hence, for convenience, we choose a
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2TCI as our starting point, although the U(1) symme-
try plays no role in this work. As we will explain in
Sec. II of the Supplemental Material, in order to produce
an anomalous Z2 surface topological order, the mirror
operation must be defined as a Z2 symmetry with the
property M2 = 1. In our previous works on spin-orbit
coupled systems, the mirror operation M ′ acts on elec-
tron’s spin in addition to its spatial coordinate, which
leads to M ′2 = −1. Nonetheless, one can redefine the
mirror operation by combining M ′ with the U(1) sym-
metry of charge conservation c → ic, which restores the
property M2 = 1. We note that without the U(1) sym-
metry only M satisfying M2 = +1 protects nontrivial
topological crystalline superconductors.
The mirror TCIs are classified by the mirror Chern
number n, defined for single-particle states on the mirror-
symmetric plane kx = 0 in the 3D Brillouin zone. The
states with mirror eigenvalues 1 and −1 form two dif-
ferent subspaces, each of which has a Chern number de-
noted by n+ and n− respectively. This leads to two in-
dependent topological invariants for noninteracting sys-
tems with mirror symmetry: the total Chern number
nT = n++n− and the mirror Chern number n = n+−n−.
The TCI with a nontrivial mirror Chern number n has
gapless surface states consisting of n copies of massless
Dirac fermions, described by the following surface Hamil-
tonian
Hs = v
n∑
A=1
ψ†A(kxσy − kyσx)ψA, (1)
where the two-dimensional fermion fields ψA(x, y) trans-
form as the following under mirror operation:
M : ψA(x, y)→ σxψA(−x, y). (2)
The presence of mirror symmetry (2) forbids any Dirac
mass term ψ†AσzψB . As a result, the surface states de-
scribed by Eq. (1) cannot be gapped by fermion bilinear
terms, for any flavor number n.
We emphasize that the above Dirac fermions on the
surface of a 3D TCI cannot be realized in any 2D sys-
tem with mirror symmetry, as expected for symmetry-
protected topological phases in general. According to the
Hamiltonian (1), the surface states with kx = 0 within
a given mirror subspace are chiral as they all move in
the same direction [14]. In contrast, in any 2D system
single-particle states within a mirror subspace cannot be
chiral (this is demonstrated with a 2D lattice model in
Sec. V of the Supplemental Material [25]).
U(1) Higgs phase and Z2 topological order. In this
work, we study interacting surface states of TCIs with
n = 4. Starting from four copies of Dirac fermions in
the noninteracting limit, we will introduce microscopic
interactions and explicitly construct a Z2 topologically-
ordered phase on the TCI surface, which is gapped and
mirror symmetric.
Our construction is inspired by the work of Senthil and
Fisher [26] and Senthil and Motrunich [27] on fractional-
ized insulators. We construct on the surface of an n = 4
TCI a Higgs phase with an xy-order parameter 〈b〉 6= 0,
which is odd under the mirror symmetry and gaps the
Dirac fermions. Next, we couple these gapped fermions
to additional degrees of freedom aµ that are introduced to
mimic a U(1) gauge field. This gauge field aµ plays three
crucial roles: (i) the coupling between matter and aµ re-
stores the otherwise broken U(1) symmetry and, thus,
the mirror symmetry along with it; (ii) the Goldstone
mode is eaten by the gauge boson and becomes massive;
(iii) since the xy-order parameter carries U(1) charge 2,
the U(1) gauge group is broken to the Z2 subgroup in
the Higgs phase. Because of these properties, the Higgs
phase thus constructed is a gapped and mirror-symmetric
phase with Z2 topological order.
We now elaborate on the construction (details of this
construction can be found in Sec. III of the Supplemental
Material [25]). First, we relabel the fermion flavors A =
1, . . . , 4 using a spin index s =↑, ↓ and a U(1)-charge
index a = ± (unrelated to the electric charge). We take
fermion interactions that are invariant under both the
SU(2) spin rotation and the U(1) rotation
U(1) : ψas → eiaθψas, a = ± (3)
Moreover, we introduce a boson field b(x, y) that carries
U(1)-charge 2 and is odd under mirror symmetry,
U(1) : b→ ei2θb, M : b(x, y)→ −b(−x, y), (4)
and couple this boson to the massless Dirac fermions as
follows
Hbf = V b
†ψ†asτ
−
abσzψbs + H.c. (5)
When these bosons condense, 〈b〉 6= 0 spontaneously
breaks both the U(1) and mirror symmetry, and gappes
out the fermions.
Finally, we introduce another boson vector field
aµ(x, y), which couples to b and ψas through minimal
coupling. An effective theory of this system has the fol-
lowing form,
L =− iψ†sαµ(∂µ + iaµτz)ψs + (bψ†sτ+σzψs + H.c.)
+
1
2g
|(∂µ − 2iaµ)b|2 + r|b|2 + u|b|4 + FµνFµν ,
(6)
where the matrices α0 = 1, αx = σy and α
y = σx.
Furthermore, we add to the effective action an inter-
ation term UN2, where N = ψ†τzψ + 2b†b − ∇ · E
(Ei = F0i = ∂0ai − ∂ia0 is the electric field strength).
In the limit of U →∞, this enforces the local constraint
N = 0. As a result, the bare fermion ψs and boson b
are no longer low-energy excitations, since adding them
to the ground state violates the constraint N = 0 and
costs an energy U . Therefore, in the low-energy effective
3model ψs and b must be screened by the gauge field aµ
and become quasiparticles ψ˜as = ψase
iaθ and b˜ = be2iθ,
where the operator einθ creates n gauge charge of aµ and
restores the constraint N = 0. In terms of these quasi-
particles, the effective theory becomes
L =− iψ˜†sαµ(∂µ + iaµτz)ψ˜s + (b˜ψ˜†sτ+σzψ˜s + H.c.)
+
1
2g
|(∂µ − 2iaµ)b˜|2 + r|b˜|2 + u|b˜|4 + FµνFµν .
(7)
Furthermore, a U(1) gauge symmetry emerges in the low-
energy Hilbert space defined by the local constraint N =
0 [28]. Specifically, the constraint is the Gauss law and it
restricts the low-energy Hilbert space to states that are
invariant under the gauge transformation
Uφ : ψ˜s → eiφτz ψ˜s, b˜→ b˜e2iφ, aµ → aµ − ∂µφ. (8)
In this effective theory with the emergent U(1) gauge
field, condensing the boson b˜ no longer breaks the global
U(1) and the mirror symmetries, as it instead breaks the
U(1) gauge symmetry to Z2. Naively, the mirror sym-
metry maps 〈b˜〉 to −〈b˜〉. However these two symmetry
breaking vacuua are equivalent because they are related
by the gauge symmetry transformation Upi/2 : b˜ → −b˜.
This restoration of mirror symmetry becomes clearly
manifested if we assume that b˜ and ψ˜s transform projec-
tively under mirror symmetry with the additional U(1)
gauge transformation Upi/2,
M˜ : ψ˜s(r)→ iτz ⊗ σxψ˜s(r′); b˜(r)→ b˜(r′). (9)
This Higgs phase obtained by condensing charge-2 b˜
field indeed has a Z2 topological order when the number
of Dirac fermions is n = 4 [10, 29]. This can be under-
stood by identifying the Bogoliubov quasiparticle ψ˜ and
vortices as the anyons e, m, and  (see Sec. II of the
Supplemental Material [25] for the definition of the nota-
tion) in the Z2 topological order. ψ˜ becomes the  anyon
as both are fermions. As the Higgs field gaps out four
Dirac fermions, there are four Majorana fermions, or two
complex fermion zero modes, in each vortex core. Hence,
there are two types of vortices whose core has even or
odd fermion parity, respectively. In the case of n = 4, it
can be shown that the vortices carry Bose statistics (see
Sec. IV of the Supplemental Material [25] for details),
and they are mapped to the m and e anyons in the Z2
topological order, respectively.
Mirror-symmetry fractionalization. Now we consider
how the mirror symmetry acts in the Z2 spin liquid phase
described by Eq. (7). In this effective theory, the ψ˜ field
is the fermionic anyon . Equation (9) implies that it
carries M˜2 = −1.
Next, we consider how the mirror symmetry acts on
the m anyon, which is a vortex of the Higgs field where
all core states are empty. Since the mirror symmetry pre-
serves the Higgs field 〈b˜〉 but maps x to −x, it maps a
3
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invariant under the gauge transformation
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In this e↵ective theory with the emergent U(1) gauge
field, condensing the boson b˜ no longer breaks the global
U(1) and the mirror symmetries, as it instead breaks the
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tion) in the Z2 topological order.  ˜ becomes the ✏ anyon
as both are fermions. As the Higgs field gaps out four
Dirac fermions, there are four Majorana fermion, or two
complex fermion zero modes in each vortex core. Hence
there are two types of vortices, whose core has even or
odd fermion parity, respectively. In the case of n = 4 it
can be shown that the vortices carry Bose statistics (see
Sec. IV of the Supplemental Material for the details),
and they are mapped to the m and e anyons in the Z2
topological order, respectively.
Mirror symmetry fractionalization Now we consider
how the mirror symmetry acts in the Z2 spin liquid phase
described by Eq. (7). In this e↵ective theory, the  ˜ field
is the fermionic anyon ✏. Eq. (9) implies that it carries
M˜2 =  1.
Next, we consider how the mirror symmetry acts on
the m anyon, which is a vortex of the Higgs field where
all core states are empty. Since the mirror symmetry pre-
serves the Higgs field hb˜i but maps x to  x, it maps a
vortex to an antivortex. Therefore we consider a mirror-
symmetric configuration with one vortex and one antivor-
tex, as shown in Fig. 1(a). The symmetry fractionaliza-
tion of M˜2 = ±1 can be detected from the M parity of
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FIG. 1. (a) A vortex and an antivortex. The direction of
the arrow represents the phase of the Higgs field hb˜i. The
doted line is the mirror axis. (b) Illustration of the fermion
spectrum flow from the left to the right as we create a vortex-
antivortex pair from the vacuum and move them far apart.
In this process four vortex core states are separated from the
bulk spectrum, two from the conducting band and two from
the valence band, and become degenerate zero modes. As
illustrated in the inset, the core states are two-fold degenerate
with spin s = ±1.
the fermion wave function with such a vortice-antivortex
pair [30]: for two bosonic vortices, the mirror parity
equals to M˜2.
From Eq. (7) we get the fermion Hamiltonian
H = v ˜†s (kx y   ky x)  ˜s +  ˜†s(hb˜i⌧+ + hb˜i⇤⌧ ) z ˜s.
(10)
It has a particle-hole symmetry ⌅ :  ˜ !  z ˜ which
mapps H to ⌅H⌅ =  H. This implies that its spectrum
is symmetric with respect to zero. Assume that the di-
mension of the whole Hilbert space is 4N , there are 2N
states with positive energy and 2N states with negative
energy. For the vortex configuration in Fig. 1(a), there
are four complex zero modes, two from each vortex core,
which are all unoccupied. Therefore excluding these four
states there are 2N 2 states with negative energy, which
are all occupied in the fermion wave function.
Next, we consider the mirror eigenvalues of these
2N 2 occupied fermion states. Since  ˜ carries M˜2 =  1,
each state has mirror eigenvalue  M = ±i. Because both
H, ⌅ and M are diagonal in pseudospin s =", #, all oc-
cupied states are pseudospin doublets, and two states in
each doublet have the same  M . Hence the mirror eigen-
value of all occupied states, organized as N   1 doublets,
is ( 1)N 1 =  1. Therefore the wave function of two
empty vortices is odd under mirror symmetry, which im-
plies that the e particle has the symmetry fractionaliza-
tion M˜2 =  1. Combining the results that both e and
✏ carry M˜2 =  1, we conclude that m anyon also has
M˜2 =  1 (see the discussion in Sec. II of the Supple-
mental Material).
In summary, the gapped Z2 surface state we con-
structed has an anomalous mirror symmetry fractional-
ization that both types of anyons carry M˜2 =  1, which
cannot be realized in a genuine 2D system. For compar-
ison, it is shown in Sec. II of the Supplemental Material
that applying the same construction to a 2D lattice model
results in a Z2 phase with a di↵erent mirror symmetry
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vortex to an antivortex. Therefore we c nsider a mirror-
symmetric c nfigurati n with ne vortex and one antivor-
tex, as shown in Fig. 1(a). The symmetry fractionaliza-
tion of M˜2 = ±1 can be detected from the M parity of
the fermion wave function with such a vortice-antivortex
pair [30]: for two bosonic vortices, the mirror parity is
equal to M˜2.
From Eq. (7), we get the fermion Hamiltonian
H = vψ˜†s (kxσy − kyσx) ψ˜s + ψ˜†s(〈b˜〉τ+ + 〈b˜〉∗τ−)σzψ˜s.
(10)
It has a particle-hole symmetry Ξ : ψ˜ → σzψ˜ which maps
H to ΞHΞ = −H. This implies that its spectrum is sym-
metric with respect to zero. Assume that the dimension
of the whole Hilbert space is 4N ; there are 2N states
with positive energy and 2N states with negative energy.
For the vortex configuration in Fig. 1(a), there are four
complex zero modes, two from each vortex core, which
are all unoccupied. Therefore, excluding these four states
there are 2N − 2 states with negative energy, which are
all occupied in the fermion wave function.
Next, we consider the mirror eigenvalues of these
2N−2 occupied fermion states. Since ψ˜ carries M˜2 = −1,
each state has mirror eigenvalue λM = ±i. Because both
H, Ξ and M are diagonal in pseudospin s =↑, ↓, all oc-
cupied states are pseudospin doublets, and two states
in each doublet have the same λM . Hence, the mirror
eigenvalue of all occupied states, organized as N−1 dou-
blets, is (−1)N−1 = −1. Therefore, the wave function of
two empty vortices is odd under mirror symmetry, which
implies that the e particle has the symmetry fractional-
ization M˜2 = −1. Combining the results that both e
and  carry M˜2 = −1, we conclude that the m anyon
also has M˜2 = −1 (see the discussion in Sec. II of the
Supplemental Material [25]).
In summary, the gapped Z2 surface state we con-
structed has an anomalous mirror-symmetry fractional-
ization that both types of anyons carry M˜2 = −1, which
4cannot be realized in a genuine 2D system. For com-
parison, it is shown in Sec. II of the Supplemental Ma-
terial [25] that applying the same construction to a 2D
lattice model results in a Z2 phase with a different mirror-
symmetry fractionalization which is not anomalous.
Mirror anomaly. The anomalous crystal symmetry
fractionalization presented in the surface topological or-
der implies a symmetry-protected topological degener-
acy associated with the edges of the surface topological
ordered region. This mirror anomaly is a remnant of
the anomalous surface fermion modes in the free-fermion
limit. To see this, we consider the setup presented in
Fig. 2, in which the Z2 surface topologically ordered state
is terminated at two edges symmetric with respect to the
mirror plane, by two regions with opposite 〈b〉 = ±1 on
either side of the mirror plane, respectively.
x = 0
〈b〉 = −1 〈b〉 = +1M
FIG. 2. Two mirror-symmetric edges of a Z2 surface topolog-
ical order. The mirror symmetry maps x to −x with respect
to the mirror plane marked by the red disk at x = 0. The
surface topological order marked by the shade terminates at
edges against two ordered regions with 〈b〉 = ±1, respectively.
This setup itself does not break the mirror symmetry,
and all local excitations can be gapped everywhere on
the surface. In particular, since the Z2 topological order
is not chiral, its edge can be gapped out by condensing
either e or m anyons on the edge [31]. The edges next to
an ordered phase with 〈b〉 6= 0 are e edges, as condens-
ing e breaks the global U(1) symmetry. A Z2 spin liquid
state on an infinite cylinder has four degenerate ground
states |Ψa〉, each has one type of anyon flux a = 1, e,m, 
going through the cylinder. On a finite cylinder with two
e edges, only |Ψ1〉 and |Ψe〉 remain degenerate, because
adding an m or  anyon on the edge costs a finite energy.
In a generic Z2 state, this degeneracy can be further
lifted by tunneling an e anyon between the two edges,
Ht = λe
†
Le
†
R + H.c., where e
†
L,R creates two e anyons on
the two edges, respectively. However, the e anyon carries
M˜2 = −1; therefore, the tunneling term Ht is odd un-
der mirror and, thus, forbidden by M . As a result, this
twofold topological degeneracy is protected by the mir-
ror symmetry even in the limit of L→ 0. This argument
is formulated using the effective edge Lagrangian in the
Supplemental Material [25].
In the limit of L → 0, this topological degeneracy be-
comes a local degeneracy protected by the mirror sym-
metry. Therefore if the Z2 topological order is killed by
collapsing two gapped edges, the ground state is either
gapless or mirror-symmetry breaking, and this cannot
be avoided regardless of edge types because all types of
anyons have M˜2 = −1. This topological degeneracy re-
veals the anomalous nature of this mirror-symmetry frac-
tionalization. Furthermore, if we collapse two gapless
edges of the Z2 state, the edges remain gapless because
the anyon tunneling is forbidden by M . Hence we get a
gapless domain wall with central charge c = 1 + 1 = 2,
which recovers the edge with four chiral fermion modes
in the aforementioned free-fermion limit. This is ex-
plained in more detail in Sec. VI of the Supplemental
Material [25].
Conclusion. In this Letter, we show that the surface of
a 3D mirror TCI with mirror Chern number n = 4, con-
taining four gapless Dirac fermion modes in the free limit,
can be gapped out without breaking the mirror symme-
try by a Z2 topological order. This surface Z2 topological
order has an anomalous mirror-symmetry fractionaliza-
tion in which all three types of anyons carry fractional-
ized mirror-symmetry quantum number M˜2 = −1, and
such a topological order cannot be realized in a purely
2D system.
Our finding also puts constraints on possible ways to
fractionalize the mirror symmetry in a 2D Z2 quantum
spin liquid [24, 32]. The result of this work indicates
that the combination that both the e and m carry the
fractionalized M˜2 = −1 is anomalous and cannot be re-
alized in a 2D Z2 spin liquid. Furthermore, our result
can be easily generalized to also rule out the combina-
tion that the e anyon carries spin- 12 and m anyon carries
M˜2 = −1 [33], because if e carries M˜2 = +1, we can
define a new mirror symmetry M ′ = MeipiS
z
, for which
both e and m carry (M˜ ′)2 = −1 and, therefore, this
combination is also anomalous. In summary, our finding
implies that the vison must carry M˜2 = +1 in a Z2 spin
liquid where the spinon carries a half-integer spin.
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I. MIRROR TOPOLOGICAL CRYSTALLINE INSULATOR
In this section we briefly review non-interacting TCIs protected by the mirror symmetry
x→ −x. An example of such a TCI with mirror Chern number n can be constructed from
the following low-energy Dirac fermion Hamiltonian in three dimensions
H =
n∑
A=1
c†A(v
3∑
i=1
kiΓi +mΓ0)cA (1)
where the 4× 4 matrices Γi with i = 0, 1, 2, 3, 4 form a set of anticommuting Dirac Gamma
matrices, and a is the flavor index. The fermion field cA transforms as follows under mirror:
M : cA(x, y, z)→ Γ14cA(−x, y, z), Γ14 ≡ iΓ1Γ4. (2)
It is straightforward to check that
H = MHM−1, (3)
i.e., the Hamiltonian (1) is invariant under mirror. As we will explain in Section II, for the
purpose of this work, it is conceptually convenient to regard the four-components of the
Dirac fermion in (1) as unrelated to electron’s spin. Relatedly, the mirror operation defined
here is a Z2 symmetry with the property M
2 = 1. In our previous works on spin-orbit
coupled systems, the mirror operation M ′ acts on electron’s spin in addition to its spatial
coordinate, which leads to M ′2 = −1. Nonetheless, one can redefine the mirror operation
by combining M ′ with the U(1) symmetry of charge conservation c→ ic, which restores the
property M2 = 1.
As discussed in the main text, the mirror Chern number n is defined as the difference
n = n+ − n−, where n± are the the Chern numbers of single-particle states with mirror
eigenvalue M = ±1 on the mirror-symmetric plane kx = 0 in the 3D Brillouin zone. Starting
2from a trivial insulator with n+ = n− = 0, a TCI with a nonzero mirror Chern number n
is obtained by going through a band inversion transition that corresponds to reversing the
sign of the Dirac mass m for all n flavors in the Hamiltonian (1). The total Chern number
is unchanged during this transition.
II. MIRROR SYMMETRY FRACTIONALIZATION IN Z2 SPIN LIQUID STATE
In this section we discuss the possible ways of mirror symmetry fractionalization in a two-
dimensional Z2 spin liquid state. We first discuss this in the context of a bosonic system,
then generalize the results to systems with fermions.
The Z2 topological order contains four types of anyons: 1, e, m, and , denoting the
trivial bosonic particle, the bosonic spinon, the vison, and the fermion spinon, respectively.
Except the trivial anyon 1, the other three anyons can carry fractionalized mirror symmetry
representation M˜2 = ±1. Because the  anyon is a bound state of e and m anyons, its mirror
symmetry fractionalization can be derived from the ones of e and m anyons as
M˜2 = −M˜2e M˜2m, (4)
where the extra minus sign appears because the e and m anyons have a nontrivial mutual
statistics, which gives rise to the Fermi statistics of the  anyon [1, 2]. Using this relation
we can enumerate the four possible ways of mirror symmetry fractionalization in a Z2 state,
as listed in Table I.
TABLE I. Four different ways of mirror symmetry fractionalization.
No. e m  Realization
1 +1 +1 −1 Standard toric code
2 −1 +1 +1 Some spin liquids
3 +1 −1 +1 Same as above
4 −1 −1 −1 Surface of 3D TCI
Among the four states listed in Table I, three can be realized in a purely two-dimensional
system. In the first state the e and m anyons transform trivially under mirror symmetry,
and this is realized in the standard Kitaev toric code model [3]. In the second state, the e
3anyon has M˜2 = −1, and this is realized in many mean field spin liquid states, for example
the Q1 = Q2 state on the kagome lattice [4]. Without additional global symmetries the e
and m anyons are interchangable in a Z2 topological order, so the third state is equivalent
to the second state.
Since the first three states can all be realized in purely 2D systems, this leaves the fourth
state as the only possibility of a Z2 state with an anomalous mirror symmetry fractionaliza-
tion. Indeed, as we see in the main text, this state can only be realized on the surface of a
3D nontrivial TCI.
In the above discussion we considered a purely bosonic system where all physical degrees
of freedom are bosons. However, the system we study in the main context is an interacting
fermionic system. In this case, besides the aforementioned anyons {1, e,m, } the system
also has local fermion f , which carries no gauge charge or flux but obeys Fermi statistics,
and it can form bound states with other types of anyons. Particularly the bound state × f
is a boson and has a −1 mutual statistics with either e or m anyon. Therefore it is similar
to the e or m anyon, and the set of anyons {1, e, ×f,m×f} have the same self and mutual
statistics as the original set of {1, e,m, }. Hence if we neglect the fermion parity, the three
anyons e, m and × f becomes indistinguishable.
The mirror symmetry fractionalization of × f can be derived from the fractionalization
of  anyon and the mirror symmetry representation of f fermion,
M˜2×f = M˜
2
M
2
f = −M˜2e M˜2mM2f . (5)
Hence for the anomalous mirror symmetry fractionalization we are considering (State 4 in
Table I), M˜2×f = −M2f . If the mirror symmetry acts as M2 = −1 on f fermion, the bound
state ×f transforms trivially under M and can be condensed without breaking M . Such an
anyon condensation confines all anyons and drives the surface to a trivial state. Therefore the
surface topological order is only anomalous if fermion carries M2f = +1, which is consistent
with the fact that M2f = −1 does not protect topological crystalline superconductors in 3D
(for TCI the mirror symmetry can be redefined to have M2 = +1 because of the charge
U(1) symmetry, as explained in the main text.) This is the reason why we choose to define
M2 = +1 for the fermions in this work. Furthermore, in the case of M2f = +1, in the
anomalous case all the three bosonic anyons e, m and × f has M˜2 = −1. Therefore we do
not need to examine the fermion parity of the anyon excitations when studying their mirror
4symmetry fractionalization.
III. CONSTRUCTION OF A SURFACE Z2 TOPOLOGICAL ORDER.
In this section, we review the detailed steps of obtaining a Z2 spin liquid state in Eq. (7)
of the main text from the surface effective theory in Eq. (6) of the main text.
The effective theory in Eq. (6), containing the surface Dirac fermions ψas, the scalar
boson field b and the U(1) vector field aµ, only has a global U(1) symmetry. Specifically,
the effective Lagrangian is invariant under the U(1) symmetry transformation where aµ is
invariant the ψas and b transforms as in Eqs. (3) and (4) of the main text, respectively. We
emphasize that in this U(1) symmetry transformation the phase factor eiφ is a space-time-
independent constant.
Next, we promote this U(1) global symmetry to a U(1) gauge symmetry by introducing
an interaction term UN2,
L = −iψ†sαµ(∂µ+iaµτz)ψs+(bψ†sτ+σzψs+h.c.)+
1
2g
|(∂µ−2iaµ)b|2+r|b|2+u|b|4+FµνF µν+UN2,
(6)
where N is the U(1) charge density N = ψ†τ zψ+ 2b†b−∇ ·E. Here E is the field strength
of the aµ vector field Ei = F0i = ∂0ai − ∂ia0. In the limit of strong interaction: U → +∞,
the last term in Eq. (6) dominates. At the leading order of the perturbation theory, we
only consider the U term, and the system has degenerate ground states described by field
configurations satisfying the constraint N = 0 everywhere. Higher orders of perturbation
theory can then be described as an effective field theory with the constraint N = 0.
The local constraint N = 0 can be understood as an emergent gauge symmetry. First,
this constraint is the same as the Gauss law,
∇ ·E = ψ†τ zψ + 2b†b. (7)
Second, under the U(1) gauge transformation
U(1)φ : ψs → eiφτzψs, b→ be2iφ, aµ → aµ − ∂µφ, (8)
the phase of the local Hilbert space changes by eiNφ. Therefore, the low-energy Hilbert
space satisfying the constraint of N = 0 consists of configurations that are invariant under
the U(1) gauge transformation in Eq. (8). In other words, enforcing the constraint of N = 0
5in the large-U limit restricts the low-energy dynamics of the model to an effective Hilbert
space with an emergent U(1) gauge symmetry.
Another way of understanding this emergent U(1) gauge symmetry is to notice that
the bare excitations ψ†s and b
† violates the local constraint N = 0, and creates excitations
with U(1) charge one and two, respectively. Because of the U -term, these excitations carry
interaction energy U and 4U , respectively, and are therefore excluded from the low-energy
Hilbert space in the large-U limit. In other words, a fermion excitation ψ†s must be screened
by gauge field fluctuations and form a quasiparticle excitation ψ˜†s = ψ
†
se
iθ that satisfies the
constraint of N = 0, where the operator eiθ creates a unit of gauge charge: [eiθ(x),∇·E(x′)] =
δ2(x − x′) and restores the constraint in Eq. (7). Similarly a boson excitation b† must be
screened by e2iθ and become a quasiparticle excitation b˜† = b†e2iθ. These fermionic and
bosonic quasiparticle excitations create excited states within the low-energy Hilbert space
defined by the constraint of N = 0, and obey the gauge transformation in Eq. (8) and Eq. (8)
of the main text. They are used to construct the low-energy effective theory in Eq. (7) of
the main text.
Starting from the low-energy effective theory with the emergent U(1) gauge symmetry,
condensing the bosonic quasiparticle b˜ gives rise to a Higgs phase with no mirror-symmetry-
breaking, no gapless excitations and a Z2 topological order, in contrast to a different Higgs
phase obtained by condensing the bare boson b in the original free-fermion model, where
the mirror symmetry is broken. In the main text, it is explained that the b field is odd
under mirror reflection [see Eq. (4) of the main text]. Hence, a condensate with 〈b〉 6= 0 is
mapped to a different condensate with −〈b〉 under the mirror symmetry, indicating that the
Higgs phase of 〈b〉 6= 0 breaks the mirror symmetry. However, the condensate of 〈b˜〉 does
not break the mirror symmetry. Although naively mirror symmetry maps b˜ to −b˜, these
two field configurations are related by a gauge transformation of Upi/2 that maps −b˜ back
to b˜, and they represent the same physical state in the low-energy Hilbert space defined
by the constraint N = 0, as a result of the emergent U(1) gauge symmetry. Therefore the
condensate of 〈b˜〉 6= 0 nolonger breaks the mirror symmetry. This is more clearly manifested
by the redefinition of the mirror symmetry action in Eq. (9) of the main text.
Moreover, the condensation of b˜ gaps out all excitations and creates a Z2 topological
order. On one hand, the condensation generates a mass gap for the fermionic quasiparticle
ψ˜ through the Yukawa coupling
(
b˜ψ˜†sτ
+σzψ˜s + h.c.
)
. On the other hand, it also generates a
6mass gap for the gauge boson through the Higgs mechanism. Since the Higgs field b˜ carries
two units of the gauge charge [see Eq. (8) of the main text], it breaks the emergent U(1)
gauge symmetry to a Z2 gauge symmetry. This Z2 gauge symmetry is generated by the
remaining gauge transformation Upi, which maps ψ˜s to −ψ˜s. Therefore, in the Higgs phase,
the fermionic quasiparticle ψ˜s carries a unit of Z2 gauge charge, and it couples to a Z2 gauge
field, which is the reminant of the emergent U(1) gauge field. As shown in Sec. IV, this
Higgs phase has the Z2 topological order.
IV. TOPOLOGICAL ORDER IN THE HIGGS PHASE
In this section, we show that the Higgs phase obtained in the main text after condensing
〈b˜〉 has the Z2 topological order. Naively the condensation of the Higgs field breaks the U(1)
gauge symmetry to Z2 and therefore the remaining gauge fluctuation is described by a Z2
gauge theory. However, integrating out the gapped Dirac fermions can produce nontrivial
Berry phases that alters the statistics of the vison excitations in the Z2 gauge theory. Here
we show that in our case the visons still have trivial bosonic statistics and the Higgs phase
has the Z2 topological order.
After the Higgs condensation the Bogoliubov quasiparticles and the vortices become
anyon excitations. First, the Bogoliubov quasiparticle ψ˜ is a fermion and carries a Z2
charge. Therefore it can be identified as the  anyon. Next, we consider the vortices of
the b˜ condensate in this Higgs phase. We note that such vortices host four Majorana zero-
energy core states in the vortex core, one from each flavour of Dirac fermion, and these four
Majorana zero modes can be grouped into two complex fermion zero modes. Hence there
are four degenerate core states, labeled by the occupation of these two complex zero modes
|n1n2〉. This four-fold degeneracy can be lifted by fermion interaction, after which the two
states with even fermion parity (|00〉 and |11〉) and the two states with odd fermion parity
(|01〉 and |01〉) are still degenerate. We first consider the brading statistics of the empty
vortex |00〉. To do that we define an antiunitary transformation
T : ψ˜s → iτ z ⊗ iσyψ˜s; b˜→ b˜, (9)
which can be viewed as an analog of the time-reversal symmetry. It is easy to check that the
effective Lagrangian of the Dirac fermions with s =↑ and s =↓ in Eq. (7) is invariant under
7T separately. This implies that their contribution to the Berry phase of exchanging two
empty vortices must be ±1. Therefore combining the contributions from s =↑↓ the total
exchange phase is (±1)2 = +1, indicating that the empty vortex is a boson. Moreover, it
carries a pi flux of the emergent U(1) gauge field (because b˜ carries charge-2), and therefore
has a −1 mutual statistics with the ψ˜ fermion. Hence the empty vortex can be identified
as the e anyon. Furthermore, the half-filled vortex with one fermion mode occupied can
be viewed as the bound state of an empty vortex and a Bogoliubov quasiparticle ψ˜, and
therefore corresponds to the m anyon. In conclusion, in the case of n = 4 the Higgs phase
has the Z2 topological order, and this is in contrast to other more exotic topological orders
obtained in the case when n is not a multiple of four [5, 6].
V. MIRROR SYMMETRY IN THE 2D SQUARE LATTICE pi-FLUX MODEL.
If mirror symmetry is not broken, a 3D TCI discussed in this work has an anomalous sur-
face that either has gapless Dirac fermions or has a topological order in which anyons carry
anomalous mirror symmetry fractionalization. It is worthwhile to compare these anomalous
TCI surface states with the pi-flux model on the square lattice. This genuine 2D model
has Dirac fermions that can be gapped out without breaking mirror symmetry or adding
interactions. Furthermore, if a Z2 topologically ordered state is constructed using the same
approach as described in the main text, the resulting state has mirror symmetry fractional-
ization that is not anomalous.
The pi-flux model on a 2D square lattice is known to host 2D Dirac fermions at half-
filling. By linearizing the tight-binding model and keeping track of the mirror symmetry,
we find [7, 8] the following Dirac Hamiltonian for the pi-flux model
H2D = v
∑
a=1,2
∑
s=↑,↓
ψ†as(kxσy − (−1)akyσx)ψas. (10)
where the combination of a = 1, 2 and σz = ±1 denotes four lattice sites in a unit cell, and
s labels electron’s spin [9]. Each fermion field ψas transforms under the mirror symmetry
of the square lattice as described by Eq. (2). Comparing Eq. (10) to Eq. (1) in the main
text, we find that unlike the case of TCI surface states, states on the 2D square lattice are
non-chiral within each mirror sector, as can be seen from the sign factor (−1)a. In this case,
8a coupling between the two Dirac points
ψ†1sσxψ2s + h.c. (11)
opens up a gap, while preserving the mirror symmetry.
This construction of Z2 spin liquid states also applies to the 2D Dirac fermion effective
model in Eq. (10) derived from the pi-flux model. However the mirror symmetry fraction-
alization in the constructed Z2 spin is different. Because the Dirac fermions can now be
gapped out by the coupling in Eq. (11), we modify the way the b boson couples to the Dirac
fermion in Eq. (5) to the following form,
H ′bf = V b
†ψ†asτ
−
abσxψbs + h.c.. (12)
Hence in the Z2 spin liquid state the anyons b˜ and ψ˜ transforms trivially without an extra
U(1) gauge transformation under mirror symmetry, and this implies that the ψ˜ (or the )
anyon carries trivial mirror symmetry fractionalization M˜2 = +1. Therefore only one of the
e and m anyons carries M˜2 = −1 and the other one still carries M˜2 = +1. This crystal
symmetry fractionalization is allowed in a purely two-dimensional system, as discussed in
Sec. I.
VI. EDGE LUTTINGER THEORY
In this section we derive the conclusions on edges of a Z2 spin liquid state using the
effective field theory of the edges, which has the form of a Luttinger theory.
The edge of a Z2 spin liquid state is described by the following single-channel Luttinger
Liquid effective action
Ledge = 1
pi
∂tφ∂yθ − u
2pi
[
K(∂yθ)
2 +K−1(∂yφ)2
]
. (13)
where θ and φ describes edge fluctuations of e anyon and m anyon flux, respectively, and
they obey the commutation relation that [φ(y), θ(y′)] = ipi
2
sgn(y − y′). In a Z2 state both
two e or two m particles fuse into a trivial excitation and therefore the perturbations e±2iθ
and e±2iφ are allowed on the edge, and in general the gap will be gapped out by either one of
the two terms, unless the gaplessness is protected by some other global symmetries. (In our
setup, each edge by itself is not symmetric under the mirror symmetry but mapped to the
9other edge instead; hence the mirror symmetry puts no constraints on these terms.) Here
in our setup, the Z2 phase is terminated by the ordered phase 〈b〉 6= 0, where b ∼ e2iθ. This
corresponds to an edge that is gapped by the perturbation e±2iθ, which is described by the
following action,
Ledge = 1
pi
∂tφ∂yθ − u
2pi
[
K(∂yθ)
2 +K−1(∂yφ)2
]
+ λ cos 2θ. (14)
In the limit that λ → ∞, the θ field condenses at the minima θ = 0, pi, which is consistent
with the order state 〈b〉 = +1. Similarly for the right edge, the potential term is −λ cos 2θ,
giving rise to minima at θ = pi
2
, 3pi
2
as the ordered state on the right has 〈b〉 = −1. Putting
the left and the right edges together, the effective Lagrangian is the following,
L =
∑
a=L,R
{
1
pi
∂tφa∂yθa − u
2pi
[
K(∂yθa)
2 +K−1(∂yφa)2
]}
+ λ(cos 2θL − cos 2θR).
(15)
The above Hamiltonian is invariant under the mirror transformation if we assume that θ
field transforms under mirror as
M : θL,R → θR,L + pi
2
. (16)
Since the e anyon is identified as e ∼ eiθ, this is consistent with the mirror symmetry
fractionalization M˜2e = −e.
In the effective action of Eq. (15) each θa has two degenerate minima, so there are four
degenerate minimal configurations labeled by |θLθR〉, where θL = 0, pi and θR = pi2 , 3pi2 .
However the states |θLθR〉 and |θL + pi, θR + pi〉 are related by the Z2 gauge transformation
and therefore represent the same physical state. Therefore there is a two-fold ground state
degeneracy labeled by ∆θ = θR − θL = ±pi2 .
When we bring the two edges together, in a normal Z2 state there will be tunneling terms
that couple the two edges together and lift the two-fold degeneracy by locking the relative
phase of ∆θ. To the lowest order such tunneling term has the following form,
Lt = τ1eiθR−iθL + τ2eiθR+iθL + c. c.. (17)
Using the mirror symmetry transformation in Eq. (16) we see that the mirror invariance
requires that τ1 = τ
∗
1 and τ2 = 0, so the tunneling term takes the form Lt = τ1 cos(∆θ),
10
which does not lift the degeneracy between ∆θ = ±pi
2
. Therefore this two-fold ground
state degeneracy remain exact as we collapse the two gapped edges and eliminate the Z2
topological order, and this can only be realized at the surface of a nontrivial 3D TCI.
Furthermore, if we collapse two gapless edges we can recover the gapless Dirac fermion
modes in the free fermion limit. To study gapless edges, we can fine tune the parameters
in the effective action of Eq. (15) such that the edges are gapless. Without the mirror
symmetry, the two gapless edges will be gapped by the tunneling term τ2e
iθR+iθL in Eq. (17)
when we collapse the two edges. However, the mirror symmetry enforces that τ2 = 0, which
implies that the two edges remain gapless (the τ1 term becomes a constant in this limit since
θR → θL as L → 0). Therefore when we collapse the two edges, the Z2 spin liquid region
becomes a domain wall separating two gapped regions, and this domain wall hosts gapless
modes with central charge c = 1 + 1 = 2, where the left and right edges each contribute
c = 1. This is consistent with the conclusion that in the free fermion limit such a domain
wall hosts four Dirac fermion modes [10].
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